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In the paper, solutions in the form of plane waves for a massive spin 3/2 particle are examined.
The wave equation gives 4 algebraic equations for 8 unknown variables, which assumes existence of 4
independent solutions. In order to relate the choice of independent solutions to quantum number of
a physical operator, we study the problem of eigenvectors for relevant helicity operator. As expected,
we get 4 eigenvalues, 0 = £1/2,4£3/2. The values 0 = £1/2 turn out to have double multiplicity,
this leads to existence of two different eigenstates both for 0 = —1/2 and o = +1/2. It is shown
that the states with the values represent exact solutions of the wave equation. However, the double
degenerate states separately do not. It is shown that exact solutions of the wave equation can be
constructed in the form of special linear combinations of those. Thus, there constructed a complete
system of exact solution for a massive spin 3/2 particle in momentum-helicity basis.

Initial wave equation for vector bispinor ¥, (x), describing a massless spin 3/2 particle in Rarita-
Sscwinger form, is transformed to a new basis W,(z), in which the gauge symmetry in the the-
ory becomes evident: there exist solutions in the form of 4-gradient of an arbitrary bispinor
Uo(z) = 0,¥(x). For 16-component equation in this new basis, two independent solution are
constructed explicitly, which do not contain gauge constituents. Previously, in the basis ¥q(x),
the eigenvalue problem for helicity operator of the spin 3/2 particle was solved, and six types of
eigenstates were found; there are possible eigenvalues o = +1/2,4+3/2; the states with o = £1/2
are doubly degenerate. Massless solutions are transformed to initial Rarita-Schwinger basis, after
that they are decomposed into linear combinations of helicity states, the relevant formulas contain
terms related to helicities 0 = +£1/2 and o = £3/2.

Key words: zero mass particle, spin 3/2, Rarita-Schwinger basis, gauge symmetry, plane wave solutions, massless
solutions and helicity

I. INTRODUCTION

The theory of spin 3/2 particle is attracted steady interest after the seminal investigation by Pauli and Fierz - see
[1-15]. Let us recall the most significant aspect of spin 3/2 particle theory. First of all, it is the problem of choosing
an initial system of equations. The most consistent is an approach based on Lagrangian formalism and a correct first
order equation for multi-component wave function which are based on the general theory of 1-st order relativistic
wave equations. However investigations are based on the use of 2-nd order equations. Such an choice is of prime
importance when we take into account the present of external electromagnetic (or gravitational) fields. Applying the
first order approach ensures correct solving the problem of independent degreee of freedom in presence of external
fields; for instance see in [16]). The great attention was given to existence in this theory solutions which correspond
of a particle moving with velocity greater than the light velocity. Finally a separate interest has a massless case for
spin 3/2 field, when — as shown by Pauli and Fierz — there exist specific gauge symmetry: the 4-gradient of arbitrary
bispinor function ®(z) provides us with solution for the massless field equation for instance, see in [16]).

The main goal of the present paper is to follow the problem of degrees of freedom for massive and massless 3/2
particle and the role of helicity operator, when constructing plane wave solutions. As basic we use Rarita — Schwinger
formalism.

*Electronic address: ivashkevich.alina@yandex.by
TElectronic address: v.redkov@ifanbel.bas-net.by



II. ON DESCRIBING THE MASSLESS SPIN 3/2 FIELD

In Rarita — Schwinger approach, the wave equation for massive spin 3/2 particle take the form

, 1 1 .
(Y80 + iM) T, — g(ybac +7.0°) Ty, + 37e(7" 0 — iM)y 0, =0. (1)
the wave function is vector-bispinor under the Lorentz group. Below we need several formulas for Dirac matrices:
,Ya,yb + ,yb,_)/a _ 2gab, ,_Ya,ya —4 , 'Ya")/b'}/d _ ,Yagbd o ,ngad + 'ngab + ,L-,YE)eabdc,yc7 (2)

Levi-Civira tensor is specified as ¢“®?? 0123 — 11, Starting from eq. (1) one can derive some additional constraints
on ¥, (x). So, multiplying eq. (1) by the matrix ¢, we get
i M
8b \I/b = %’yb\yb, (3)

it is the first constraint. Now, let us act on eq. (1) ny operator 9¢, further with the use of the above formulas (2) we
obtain

2 M
iM OC\I/C + ’y“aa(gac\llc - %

1) =0, (4)
it is the second constraint. Whence with the the first condition (3) in mind, it follows
0V, =0 (M#0). (5)

therefore, the first constraint gives v, W® = 0, Taking into account two last restrictions, instead of initial eq. (1) we
arrive at an equivalent system

(70, — M)V, =0, 8T, =0, AU, =0. (6)

The case of massless particle is substantially different. From the very beginning, in eq. (1) we set M = 0:

1 1
Y0¥ = 5(1"0c + 70" ) Uy + 277" 0a7" Wy = 0 . (7)
Now, the first constraint reads as
W =0. (8)

The second condition (3) takes the form v%0,0°%. = 0, evidently it does not add restrictions to the first constraint
(8). Therefore, for massless case eq. (7) with (8) in mind may be presented as follows:

1 1
’Yaaa\pc - §7b3c‘1’b + ch’Ya'Ybaa\Pb = 07 81)\111) =0. (9)

Further we use the wave equation (7). It can be transformed to the form, when existence of gauge solutions of
gradient type becomes evident. To this end, we re-write eq. (7) in matrix form

ro,v=0, v=(7), (10)
where 16 x 16 matrices ['* are given by the formula
a a 1 a 1 a 1 a
(T =" 0k = 3708 = 3mg™ + 3wy (11)

Let us make two transformations on eq. (10): first multiply it by a matrix C' with nonvanishing determinant, and
then introduce new wave function by a linear transformation S:

I — I'*=Cr* — I°=87°5', I=50. (12)
these two matrices will be specified below. Let the matrices C' S have the structure:

Cl =0+’ S, =0+,

13
(871" =0+ %", a+b+dab=0. ()



3

where a, b, c are some numerical parameters; constraint on a and b follows from condition S S~! = I. In accordance
with (12) and (13), we first find " %:
/ 1

1 1
@) =78, — 3715;‘5 +(2¢ — ) g™ + 2w,

3 3

a then — matrices ['%:

= {1- [ o s a0+ 20 b+

2%-1 [b+1  2c—1
ﬂld;;{ . +{ = + b 63

1+ 4a

(1+ 4a) +2a)} } +

g { [(20 — + 24 + {bH +b((2e 1) 24‘1 + 2a)} } +

3

. b+1 1+4
iy ety [3 +0((2¢ — 1) 24 2a)] . (14)

let us require that in I'* all term except the one containing the Levy-Civita tensor be vanish, this results in the
following equations:

b+1 1+4
a+b+4ab=0, 1— [—g—l—b((Qc—l) *+da —|—2a)] =0,
2b+1 b+1 1+4
2l 1L e — 1) L og)| 2o,
3 3
2c—1 b+1 1+4
(1+4a)CT +2a+ {—g +b((2¢—1) +aa +2a)} =0.
It is readily verified that its solution is given as
1
a=-z, b=-1, c=+2. (15)
Thus, we find the needed linear transformation
~ 1
‘I’k = Skl‘l/l, Skl = (559 - = vk'yl 5 (16)

3

and new matrices T'* have the structure (I'%),! = +i 7%¢,%v,. Therefore, we arrive at the equivalent form of the
wave equation for massless spin 3/2 particle:

(fa)l k@l(m) =0 = 756knal'7naa‘i/l(m) =0; (17)
in eq. (17) we may omit the multiplier i7°. From eq. (17) follows that the vector-bispinor \i/l(o) being the gradient of
arbitrary bispinor (z):

¥ (@) = dip(a) (18)

provides us with solution of eq. (17). This property is called as gauge symmetry in massless spin 3/2 field theory. In
initial basis, such gradien=-type solution are presented by the formula

U0 (@) = (8, " = u7*)Okip() (19)
Note that explicit form of eq. (18) is rather cumbersome:
Y1(02W5 — 93W2) + 72(0501 — 01 U3) + 73(01 W2 — 02 01)
—70(02W5 — 93W32) + 0o (y2 Vs — 3¥2) — (7205 — 7302)¥o
—70(0501 — 01 ¥3) + Do (y3¥1 — 11 ¥3) — (7301 — 7193)¥o
—70(81‘112 - 32@1) =+ 80(71@2 - ’72‘111) - (7182 - ’7231)‘i’

(20)
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IIT. SEPARATING THE VARIABLES

In Rarita — Schwinger approach, the free spin 3/2 particle (in massive case) may be described by the set of three

equations
mc

(maaaf? YU(z) =0, A~ (z)=0, ¥ (z)=0, (21)

where 16-component wave function ¥;(x) is a vector-bispinor with respect to Lorentz group:

‘1’1(0)E$g ‘1’1(1)5905 ‘1’1(2)E$) ‘111(3)21’3
1112(0) T \112(1) T ‘1’2(2) T \112(3) T
L4 = 22
A0 (@) 30 (®) Pa)(x) Use2)(x) ¥s3)(2) (22)
10)(T) Uyy(z) Vyo) (@) Vys)(z)
A and (1) designate bispinor and vector indices respectively Wee use the Dirac matrices in spinor basis:
0010 00 0 -1 0 0 0 +i 00 —-10
o_|0001 1 100 -1 0 2 |0 0 =i 0 3 [0 0 01
TZl1oo00” Tlo1r o o Tlo -0 0" T|10 00
0100 10 0 0 +it 0 0 0 0-1 00
Solutions od eqs. (21) are searched in form of planes waves:
ap a1 a2 as
__—iet/h _+ipra® _ bo b1 by b3
U(z)=e e A A= o c1 Cy Cs (23)
do di dy d3

We use the quantitiesme/h = M,e/hc = E,p;/h = k;. From eqgs. (21) follow three algebraic equations (remembering
the rules, A° = Ay, A7 = —A;)

(VYE—~7kj — M)A, =0, ~Ag++74;=0, EA;+kjA;=0. (24)

The first (main) equation in (24) takes the form

-M 0 (E + kg) (kl - Zkz) a;
0 —M (k1 +iks) (E—ks)||b | _ _ ]
(E —ks) —(ky — iks) M 011 ¢ =0, [=0,1,2,3; (25)
—(kl + Zkg) (E + kg) 0 —M || d
The determinant of the system must be equal to zero:
(-M* 4+ E? k2 —ki—k})? =0 = E?=M>+K. (26)
It is readily proved that determinant of 3 x 3-matrix vanishes too:
-M 0 (E+ks)
det 0 —M (ki +iks) | = —M(M* - E*+Kk*) =0,
(E —ks) —(ky —ik2) -M

This mens that the rank of the system (25) equals to 2. Therefore, in system (25) only two equations are independent,
let these be the first two

(E+ k?,) C| + (kl - ’Lkg) dl =M ap , (kl +lk‘2) Cy + (E - kg) do =M bl . (27)
Its solution is (recall that [ =0,1,2,3)

CE—ky  ki—ike

kit ik E+ks
IV M

ay

M M

by, d= bi, (28)

Cl

or shortly
¢ = aa; + Bby, di = pa; + by . (29)



The second equation in (24) leads to

ap+az = —(b1 —ib2), bo—bz=—(a1 +iaz),

30
co—c3=dy —idy, do+d3z=cy+ics. ( )
Taking in mind (29), one excludes the variables ¢;, d; in (30):
aop +az = —(by — iba), bo — by = —(a1 +iaz),
afag — az) + B(bo — b3) = par — iaz) + (b1 — ib2), (31)
plao + az) + y(bo + b3) = a(ay +iaz) + B(br + ib2) .
In (31) we have 4 linear constraints on 8 variables, a;, ;.
Finally, the third equation in (24) yields
Eag + k1a1 + keaa + ksaz =0, Ebg + k1by + kabay + k3b3 =0, (32)

Ecy+ kicy + kocg + kses =0, Edy+ kidy + kods + k3ds = 0.

We immediately note that two last equations in (32), if one takes into account (28), become consequences of two first
equations in (32). : Therefore, in the system (32) we may preserve only two independent relations

an + k1a1 -+ k2a2 + kgag = 0, Ebo + klbl + kgbg + kgbg =0. (33)
Let us collect equations (31) and (33) together:

ap + ag = —(by —iba), bo — bz = —(a1 + ias),
a(ag — az) + B(bo — bs) = p(ar — iaz) + (b — ibz),
plag + az) + v(bo + b3) = alay + iaz) + B(b1 + iba),
Fag + kiay + koag + ksaz =0, Ebg + k1by + kobs + k3bs = 0.

(34)

It is readily checked that from two first equations in (34) follows two last. Indeed, first by exclusion method we derive
equations containing respectively the variables a; and b; (remembering explicit form of coefficients «, 8, p, 0):

(E — k3)(a0 — a3) + (k?l + ikig)(al — iag) = —(k‘l — ikg)(al + i(lg) — (E + k‘3)(a0 + a3) s
(k1 + iko)(by —ibo) + (E — k3)(bo — b3) = —(E + k3)(bo + b3) — (k1 — ik2) (b1 + iba),

(35)
they give
Eag + kiay + ksas + ksazs =0, Ebg + k1by + kaby + ksbs = 0. (36)
Therefore, in system (34) we may ignore two last equations. Turning to (??), with the help of two first equations
ag = —az — (by — iba), bo = +bs — (a1 +ia2) (37)
we may exclude the variables ag, bg, this yields

]{)1(11 + k2a2 + kg(lg = —|—Ea3 + E(bl — lbz) y klbl -+ ]Cgbg + k‘gbg = —Ebg + E(a1 + ’iag) . (38)

In (38) we have 2 equations for 6 variables, so there should exist 4 independent solutions.
It is readily proved that taking in mind (37), from (38) follow egs. (36). This means that egs. (38) are equivalent
to following 4 equations

Eag + k1a1 + keaa + ksaz =0, FEbg + k1by + kaba + k3bs = 0.

39
a0+a3:—(b1—ib2), bo—bg,:—(al —|—ia2). ( )

In order to relate 4 independent solutions of system (39) to quantum number of some physical operators, in the
next section we will study the problem of eigenstates of the helicity operator for of vector-bispinor plane waves.



IV. HELICITY OPERATOR

On vector-bispinor plane waves let us diagonalize helicity operator >:

Y = —i (8101 + 5202 + S303) ,

Taking in mind substitution in the plane wave form we find the followin representation for helicity operator

YU(x)=0"(z).

Y =i (k10?4 koo®t + k3o™) @ T+ T @i (k1% + koj®' + k3j'?) .

We need expressions for the matrices:

0100 0 -0 O 1 00 O
23 _ 123 111000 31_ 131 i]i 00 O 12_ 112 1]0-10 0
TR T 500017 T2 7500 00 —i|"? T2 7300 01 of
0010 0 0+ O 0 00 -1
000 O 0 00O 00 00O
23 2 31 320|000 0| 3 _3u_axu_|0 001 1 120 _c2u_ |00 -10
001 O 0—-100 00 0O
With (?7)-(??) in mind, for operator ¥ we find
ks k1 — iko 0 0 0 O 0 0
11 ki +iks  —ks 0 0 10 0 —k3 ko
=31 o 0 P A A ) T R R
0 0 ki + ko —ks3 0 —ky ki 0

To clarify the action of ¥ on the wave function, it suffice to recall the action og generators on vector-bispinor:

(645 + 0wiz i(0"?) aB] [01n + 6wi2 i(5'2)in]¥En = Vs + dwiz { i(0™) AV n + (7)Y an (512 } ;

where the symbol S over S designates a transposed matrix.

Taking in mind identity

ap a1 az as 0 0 0 0 0 (*kgag + kgag) (kgal - klag) (7]432(11 + klag
bo b1 by b3 ||0 O +ks —ko 0 (—ksba + kobs) (ksby — kibs) (—kaby + k1bo
co ¢1 ¢ ¢c3||0 —ks 0 +kq 0 (—ksca + kacg) (kscr — kics) (—kacr + kico
do di do d3 |0 ke —k1 O 0 (—kada + kads) (kady — kids) (—kady + k1ds
we reduce eigenvalue equation X ¥ = o ¥ to the form
k‘3 (]{71 — Z]CQ) 0 0 Qo aop
L1 (kb +ika) ks 0 0 b bo
2 0 0 ks (k’l — ’Lkg) Co - Co
0 0 (kitike) —ks || do do
kg (k’l - Z:Z{}Q) 0 0 aiq (kgag - ]Cgag) aq
1] (ky + ik2) —ks 0 0 b1 ny (kobs — k3b2) Y by
2 0 0 ks (kl — ’Lk‘g) Cc1 (]{3263 — k‘gCQ) c1 |’
0 0 (k‘l + ’Lk‘g) —ks dq (kgds — kgdg) dy
k/’g (kl — Zk‘g) 0 0 as (k’gal — k]la3> a9
1| (ks +iks)  —ks 0 0 bo |, | (ksbi—kabg) | _ | ba
2 0 0 ks (kl — Z]CQ) Co (kgcl — ]{3163) co |’
0 0 (ki +iks)  —ks d (ksdy — krds) d
kg (kl - ZkQ) 0 0 as _ as
1| (ki +ika)  —ks 0 0 by | | (Frae = kaay) by
— . +1 (k’lbg — k‘gbl) =0
2 0 0 kg (kl — Zk‘g) Cc3 (k102 . kQCl) C3
0 0 k 1k —k d d
( 1+Z 2) 3 3 (k1d27k2d1) 3




Whence follow the 16 linear equations:

(k3—20’) a0—|—(k1 —ikg) bQZO,
(k1 +ik2) ag — (k3 +20) by = 0;

(k372()’) Co+(k1 *ikg) d() :0,
(k1+21€2) C()—(k3+20') dOZO,

(kg - 20’) a1 + (kl - Zkg) b1 + 21k2 asz — 21]%‘3 as = 0;
(kl + Zk’g) ayp — (kg + 2(7) bl + 22762 bg - 22763 bg = 0,

(k3 — 2(7) c1 + (/ﬁ — ’Lkg) dl + Qikg C3 — 2ik3 Cy = 0,
(k‘l +Zl€2) c1 — (kg —|—20’) dy + 2iks d3 — 2iks do = 0

(k‘3 — 20’) as + (k‘l — Zk‘g) bo + 2ik3 a1 — 2iky a3 =0,
(kl + Zkg) as — (k3 + 20’) by + 2ik3 by — 2iky b3 =0,

(k3 — 20’) Cco + (kl — Zkz) do + 2iks ¢y — 2iky c3 =0,
(]{31 +Zk2) Coy — (kg +20’) dg + 2Zk3 dl - 2’Lkl d3 = 0,

(kg — 20’) as + (kl - Zkg) bg + QZkl as — 22]172 a; = O,

(kl + Zkz) az — (kg + 20) b3 + 2i/€1b2 - 2ik2b1 = 0,

(kg — 20) c3 + (/ﬂl - ’Lkg) ds + 2tk1 co — 2iky c1 =0,
(k‘l +Zl€2) Cc3 — (k‘g +20’) ds + 2ik1 do — 2iko d1 = 0.

In the whole system we can see 4 unlinked subsystems, 16 =2 + 2 + 6 + 6.

The first two subsystems

(k‘3 —20’) ag + (k‘l —ikg) bo =0,
(k‘g —20‘) co + (l{?l —ikig) do =0,

lead to only two eigenvalues:

by =

1
a:iﬂ/k2+k2+k2 +o k

+k — kg kl + ’LkQ :tk kg kl + Zkz

(k‘1 +’Lk‘2) ag — (]4134—20') bo =0;
(kl +ik2) co — (k’3+20') dop =0

ik T Tkt ks O T e ik T Tkt ks

It should be emphasized that the systems (43) have nontrivial solution only for helicities o = i%. We can easily
check that formulas (. (28)) lead to expression for ¢g, dy which agree with (44):

Co —

EFxk ki +ike (EFEk
M

ap, do=

Wi CL()} — do =

+k + k3

Now, let us examine equations for a;, b;:

+(ks — 20) a1 — 2iks ag + 2iks ag = — (k1 — iks) b1,
+2iks a1 + (k3 — 20) ag — 2iky ag = — (k1 — ik2) bo,
—2iko a1 + 2iky as + (k3 — 20) ag = — (k1 — ko) b3,
—(ks + 20) by — 2iks by + 2iks by = — (k1 + ik2) a1,
+2iks by — (ks + 20) by — 2iky bg = — (k1 + ik2) a2,
—( )

722]&‘2 bl + Q’Lkl bQ — (k‘g -+ 20) b3 kl + Zkg as,

ki tiky
th+ ks °




and for cj, d;:

+(ks — 20) ¢1 — 2iks co + 2ikg c3 =
+2ikscy + (ks — 20) co — 2iky1c3 =
—2ikocy + 2ik1co + (ks — 20) c3 =

(ks +20) di — 2iks do + 2iks dy =
+2iksdy — (ks + 20) dy — 2ik1ds =
—2ikady + 2ik1de — (ks + 20) d3 =

— (k1 — iko
— (k1 — iko
—(k1 — ik
— (k1 + ko
— (k1 + ko
— (k1 + iko

P — — — ~— ~—
Q
[y

the system (46) coincides with (45), by this reason it ie enough to study only the system (45); let us present it

differently
+(k‘3 - 20’) —2iks +2iko
+2’Lk3 +(k’3 — 20) 722]'{}1
—(k‘3 + 20’) —2iks +2iko
+2’Lk3 7(l€3 + 20) 722]{11 b =
—2’“62 +2l/€1 —(kg + 20’)

—(k1 —ika) b,

By exclusion method, we derive separate equations for variables a and b:

—(k‘3 + 20‘) —2i]€3 —|—27,k2 (]Cg — 20’) —2ik3 +2Zk‘2
+2iks3 —(kg + 20‘) —2ik1 +2iks (k‘3 — 20) —2ikq
—2iko +2ik1 —(kg —+ 20’) —2iko +2ik1 (k:g — 20’)
(kg - 20’) —2iks +2iko 7(]{3 -+ 20) —2iks +2iko
+2iks3 (k:g — 20’) —2ik1 +2tks —(kg + 20’) —2ik1
We will solve equation for a, and then find the vector b from (47).
First, let us consider the case of simple orientation of the plane wave:
402 + 3]{:3 8ikso 0 ai
(0,0, k3), —8ikzo 402 + 3k’§ 0 az | =0,
0 0 402 — k3 || a3

whence we derive an equation with respect to o:

[(40? + 3Kk3)* — 8%k307] (40
that is
1 1 1 1 3
=k —ik, 4-ktok, -
7= gk gl Fghtgh 79

—(kl + Zkg) a

) =

k, +=k;

2

the root +k/2 are doubly degenerate. Let us get corresponding solutions for a:

402 + 3k?2, 8ikso 0
—8ikgo  4o? + 3k3 0
0 0 402 — k32

At o= :l:%kg we have the system

ak2 +4ik2 0] ay

as

T4ik? 4k 0| ay | =0,

0 0 O0f|as

the rank of the matrix equal to 1, and solutions are
1 ,
U:—ikg, al—m2:0,

1
J:+§k3, aq +i02:0,

as (arbitrary); — ;

ag (arbitrary), .

—(k%+k§)}a=0,

—(k§+k§)}b—o.

(47)

(48)

(49)



For definiteness let a3 = +a;, correspondingly, at each o we have two solutions:
1 _ 1 _
O'Z—ikg, a=ay(l,—i,£1); cr:—|—§k3, a=uay(l,+i,+£1).

Now, let o = £+3/2, then solutions are

5 12k —12ik2 0 || s
o= —§k3, +122k§ 12]{?% 0 az | =0, az=—ta1, a3 =0;

0 0  8k2||as

5 122 +12ik2 0 || a
k=tgks, | 1203 12k 0 |lay | =0, ay=tiar, a3 =0.

0 0 8k2||as

Turn to the case of general orientation:

40’2 — k2 + 4(](5% + 1{332)) +8’i0k3 — 4k‘1k2 —8i0’k‘2 — 4/€1k‘3
—8ioks — 4k ko 40% — k* + 4(k3 + k3) Sicky — 4koks a=0.
8i0k2 - 4k1k3 —8i0k1 - 4k2k3 402 - k2 + 4(]i}% + k%)

It is readily proved that from vanishing the main determinant follow yet known eigenvalues:

1 1 1 1 3 3
=k, —ik, 4-kt-k, —k k.
7= gt g Tty
It is more convenient to use dimensionless quantities:
k; 1 o . 1 +1 1 +1 3 3
- =Ny, nin; =1, n g, 0= —5)T5) oy T o' o2 T o>
k k 272 2727 272
then the above equation (52) reads
402 — 1+ 4(n3 +n3) +8ionz — 4ning —8iong — 4nins
—8ions — 4ninsg 402 — 1+ 4(n? 4+ n3) 8ioni — 4nans a=20.
8iony — 4ning —8ioni — 4nans 402 — 1+ 4(n? +n3)

Let 0 = £1/2:

(n3 +n3) a; + (Fing — ning) as — (Fing +nyng) az =0,
—(ing +ning) ay + (n3 +n2) ay + (Fing —ngnz) a3 =0,

(+ing — ning) ay — (Fing +nang) as + (nF +n3) a3 = 0.
The rank of the matrix equals to 1, only one equation is independent, let it be the third:

(+ing — ning) a; — (Fing +nang) as + (1 —n3) a3 = 0.

(51)

(55)

(56)

This equation may have two independent solutions (which correlates with double multiplicity of the roots o = +1/2).

The first and the most simple is a®) = (ny,ny,n3) ; indeed

(+ing — ning) ny — (£ing + nang) ne + (1 — ng) n3 =0.

Taking in mind the structure of eq. (56) the second solution should have the form of vector product:

e €3 €3

a(2) = ny ng ns = (:I:inlng + ’I'LQ) e + (:l:ingng — Tll) ey F Z(]. — n%) es ;

(£ing —ning) —(king +nanz) (1 —n3)
Thus, there exist two independent solutions of eq. (56) at o = £1/2:

all) = (n1,n9,n3) =n, a® = (Linins + ng; Linons —ny; Fi(l — n%) )5
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recall that in the case nqy = 0,12 = 0 these formula are not valid, instead result (50) should be used.
Now we study the case ¢ = +3/2. The rank of the system (54) equals to 2, let us preserve two first equations:

(2 +n2 +n3) ar + (2ionz —ning) az = (+2iong + nin3) as, (58)
—(2iong + ning) a1 + (2 +n? +n3) ag = (=2iony + nang) as,

Determinant of this system equals to 6(1 — n3), it vanishes at nz = 41, this case is peculiar. In general case solution
of the system (58) is

o =13/2,
(3 — 402)ninz + dions —ning £ ing ot 1 9
ay = az = a et a3 =1-—n3;
! 6+(3—4d02)nz " ° 1—-n2 7% s 3
(59)
(3 — 40?)ngnz — dion, —nons3 F inq ot 1 9
ay = az = a et a3=1—nj3.
2 6+ (3—4d02m2  ° 1—n2 ’ 3
The choice of a3 fixes normalization of this solution.
For each set {a1,as, a3}, one can find related set {b1,ba,b3}, (see (47)):
by 1 —|—(TL3 — 20’) —2ing +2iny ai
bQ = - +2m3 +(n3 — 20’) 721‘711 az |, (60)
bs M2 94, +2in;  +(ng —20) || a3
which may be presented in vector form
b L [(2 ) 2in x a] (61)
=——[(20—n3)a—2inxa].
ny — ing 3
First, consider the case ¢ = £1/2. For solutions of the type al') = n we derive
b = M al . (62)
ny —itng
For solutions of the second type
(2) _ (44 i - 2 @__ 1 2 _ 9 (@)
a'®) = (fining + ng; tingng —ny; Fi(l —n3)), b = m[(:ﬁ:l —nz)a'” —2inxa'?
1 — 12
allowing for identities
(nxa®), = nga:(f) - ngagQ) = (¢i)a§2) ;
(n x a(2))2 = Tl3(1§2) — nlagz) = (IFi)ag) , (63)
(nxa®); = nla(22) — nga?) = (:Fz')agf)
we derive
1 1 —n:
b® = ——  [(£1 —ng) — 2i (Fi)]a® = Fl=m) (64)
ny — 1Mo ny —1ing
It should be emphasized that in (62) and (64) multipliers are different.
Now consider the states with helicities 0 = £3/2:
a; = (—n1n3 + ing) R ag = (—n2n3 + inl), az =1— ng ;
1 . +1—ng .
- +3— -9 - L R B
b1 - nQ{ (£3 — n3)a; — 2i(ngas — nzaz) } e (—nin3 £ ing),
1 . +1 —ng _ (65)
by = +3— —2 - == (-
2= ng{ ( n3)ag — 2i(nga; — niaz) } . (—nong Fing),
. +1— ns 2
by = { (£3 — n3)az — 2i(n1as —nsay) } = — (1 —nj3),

ny —nog ny — Z"I‘LQ
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or shortly

41—
b=— "534 (66)
ny — ing

Let us collect results together:

O:i1/27 {a07b0,007d07a;1)7b§'1) }7 { aOabOaCOad07a§2)7b§2) }7

+1—ns +1—ng (67)
bo=———ao, do=—-—"—co,
ny — 1N9 nyp —1MMma
al —pn pOELT™m o0 o L, g0 ELTm o) (68)
ny — 1Mo ny —1ing
1
af) = (Linins + ng), aéz) = (Lingns — ny), az(f) = Ti(1—-n2), b® = i .ng )
ny — 1o (69)
1
P~ (Fingng +ng), &2 ~ (Fingng — 1), 2 ~ Fi(l —n2), d® = -3 @
ny — tng
O'Z:l:?)/?, (Io:O, b():o, 00:0, dOZO,
+1 — ns
= (= +1 = (— ; —1—-n2: p=_——_""2°
ap = (—mng +ing), az = (—ngngFini), as n; i (70)
+1—
C1 :(7n1n3:|:in2)7 62:(7712713:':?:711)7 63:1777{2;); d:7n30
ny — 1o
V. HELICITY OPERATOR AND SOLUTIONS OF THE WAVE EQUATION
The above study of the wave equation give linear constraints
an + k1a1 + k2a2 + ]{330,3 = 0, Ebo + klbl + kgbg + kgbg =0. (71)
ao—|—a3:—(b1—ib2), bo—bg,:—(a1+ia2).
and
E—]fg k‘l—ik‘g k‘l +il€2 E+k}3
= ———b dy = — b . 72
a VR i 1, VAR + VAL (72)
First, let us consider states with helicities o = +3/2:
CLOZO, bO:O, COZO, dO:O,
+1 — ns
= (= +4 = (— i —1—-n2: p=_——_"
a1 = (—nming £ing), az = (—nong Fini), ag ng; N1 — ing a, (73)
+1—
o~ (—ming £ing), ca~ (—nang Fing), ez~l-ni; d=—"¢
ny — o
symbol remind that c is fixed up to arbitrary multiplier. Equations (71) take the form
nia] + noag + naaz = 0, nlbl + 7’L2b2 + Tlgbg =0. (74)

az = — (b1 —ib2), by = (a1 +iaz),

Let us prove that relations (73) and (74) agree with each other. First, we take into account (73) in the first equation
from (74):

n1ay + noag +nzaz =0 = ny(—ninz £ ing) + no(—nenz Fing) +nz(n? +n3) = 0=0.
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We do not need re-check second relation from (74). Then, let us check relation ag = —(b; — ib2):
) +1—n ) ) )
—(by —ibo) = —7,3{(—711713 +ing) —i(—nansg Fing)} =
ny — 1o
+1-n )
= 3 n(-nsF1) —ing(—n3 F1)} = —(£1 —n3)(FLl —n3) =1 —n2 =as. (75)
ny — 1o
Now, let us check relation by = (a1 + iaz):
(a1 4 iaz) = (—ning £ ing) + i(—nans F iny) = —ning = ing — ingng £ ny = (ng + ing)(£1l — ng) = bs.
Taking in mind (74), we find ¢;:
Bk ki—iky th—ky _ EFk 76)
oM M ky—iky 7 M
let us find d;:
Lo kitiky Btk th—ky kitiky
7 M J M k1 — ika ki + iko 7
k1 + ko E+ks kFks . ki+ike [EFEk
=— i+ k k2) a; = j
M YE T Gk kg TR 4= S T Yy
that is
k1 + ik tk—k
_mth 3 (77)

d; = Ci = Cj,
/ kstk 7 ki —iky
this coincides with the (72). Thus, states with helicities 0 = £3/2 actually are exact solutions of the wave equation.
Now we turn to the case of 0 = £1/2. Because we have double generation, first let us consider reach of them

separately. States of the first type are given by (see (44))
+1— n3 (1) N1 + ing (1)

+l—n3 (1) ni+ina (1) (1)
b — (1) dV — —
0 ny — ’iTLQ %o +1+ ns %o > 0 ny — ’iTLQ 0 +1+ ns “ (78)
M w_FTm o0 oL, W H=ms
a'’/ =n b/ =——a c/ ~a d"V/=—=c'".
’ ny — Z.’I”LQ ’ ’ ny — Z.’I”LQ
The symbol ~ may be specified with the help of linear relations
o) — % a) _ % b E;;k W
by + ik E+k ki +iks [EFk +1-n (79)
aW — ML ) 3 Rtk JEFRE | _ TN a)
M M ]{?3 +k M ny — in2
We can easily see that these states do not provide us with solutions of the wave equation. Indeed, we have (see (71) )
k
Ea(()l) + klagl) + kgaél) + kgaél) =0 = Eagl) + k=0, aél) =-%- (80)

Equation Eb(()l) + k‘lb(ll) + kaS) + kgbél) = 0 gives the same result. Let us check two remaining equations (see (71) )

1 1 ERE k +1 —mng . k
aé)+ag)=—(b§)—zbé)) == —E+n3=—m(n1—m2)=i1+n3 - EZZFl;
1 1 o, . +1—n3, k )
Y =l ) = ETI i) =
—+n3::|:1+n37 —:|:1,
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these two identity cannot be valid, because F = v/k2 + M?2.
Now consider states with o = +1/2 of second type. First, note relations

+1—n +1—n Exk (o
B 5,0 4@ _ 5.0 L0 _ @) <1
0 ny — Z"I’LQ %o 0 ny — ing 5 % M %o ( )
Now consider vectors a®) b(®) ¢ d(3):
1—
a§2) = Finins + na, ag2) = +ingnz — nq, a:(f) =TFi(1-n2), b? = T Lo ,

ny — ing

(2)

1—
052) ~ (Linins + na), 052) ~ (Einanz —n1), ¢’ ~ Fi(l—n3)), a®— 27" e ,

ni — N9
Symbol ~ may be specified with help of linear restrictions (see (72)):
@ _E=ks o Ri—ike o) EER )
ky +%2 E +]/\i, 71 e ns (82)
4@ = _Ftike o) b2 _ @
M ny — ing
Let us introduce notations:
e L (83)
ny — Mo ny — 2
then the above formulas read shorter
0’ =Tal?, df)=Tc”, b®=Ra®, d®=Rc®. (84)
Now we may check the first consequence of the wave equation (see (71))
Ea? + k1al® + kyal? + ks ,al? =0 (85)
it yields
Ea?) + k{ ny(xinins + ny) + na(Fingns — ny) + ns(Fi)(n? +n) } =0 = al?) =0.
Similarly, we derive
EbY + kb + kb + kb =0 = b =0,
Thus, we obtain
al? =0, B =0, =0 dP =0. (86)

let us check two remaining restrictions (see (71))

ay =~ —ibl?), o =il - ni),
—(ng) - ibg)) = —R [tining + ny —i(Lingng —ny)] =

1—mn3

1+£ng E (2)
(1 —n3)(1+n3)

. 2
:iz(l—ng) 17 ns = Fa3 7&@:(3)7

= +i(1 4 n3)(1 £ ng)

we conclude that needed restriction does not hold. Similarly, we derive

) = a® iaf?
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2)  Fl-—mng Fl—n3
b = T (Fi) (1 - nd) =

. . . _ ) 14
o ing —— Fi)(ny — ing)(n1 +ing) = i(ng + ing)( ns)

( ) 4 Za( ) = +inyns + ng + i(kingng — ny) =

= —i(nl + an)(l + ’ng) . w = —i(m + an)(l + 713) .

(IFns) T .29,
=—b b

again the needed restriction does not hold. Therefore, each separate helicity state, of type (1) and (2), with o = +1/2

does not provide us with solution of the wave equation.
Let us search solution of the wave equations as a linear combination of these states:

ag = Fa(()l) + GaéQ), a=Fa + Gal®
bo = FTal" + Glal? , b= Fra® + Gra®

remind that normalization of vectors a(t), a® b") b3 is fixed, bur parameters aél), aéz) are arbitrary.

Two first restrictions from (71) give

Eag+ka=0 = E(Fal”+Ga’)+Fk+G-0=0,

Eby+kb=0 — ET(Fa" +Ga)+ FTk+G-0=0,
that is

FalV) + Gal? + F 2 =0 = F(alV Z) +Gal? = (88)
taking in mind (80) and (85)

k
a(()l) =—— aéz) =0

9

we conclude that these two equations do not impose any restrictions on parameters F, G.
Now consider two remaining equations from (71):

a0—|—a3=—(b1—ibg), bo—b3:—(a1—|—ia2).

they are equivalent to

(Fag + Gai) + (Pa§? + Gaf?) = ~ { (Fra{? + GRa{?) — i(FTa" + GRa{)) |,

(FFa(()l) + GFaéQ)) - (FFaél) + GRa:(f)) = — {(Fa(ll) + Gagz)) + i(Fagl) + Ga(zz))} ,
which after re-grouping the terms lead to
Fl(af? +af?) +T(af" = iaf")] + G [(af? +af?) + R(a{? — iaf)] =0
F [F(aél) — agl)) + (a3 S za(l))} +G [(Fagf) — Rag)) + (ay @ 4 Za(2))} 0.

1 _

Whence, taking into account a —k/E and aéQ) = 0 we derive following two equations:

Fl-k/E+af? +T(af” —iaf")| + G [af? + R —ia)] =0,

F-Tk/E ~Ta" + (o +ia{")] + G [~ Ral? + (af®) + iaf)| = 0.
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Now we should use the formulas

+1— 1-—

agl) =ni, a’él) = N2, a.‘_(%l) = ns, I'= .n3 3 R= + .ng )
ny — o ny — 1o
a§2) = dininsg + na, agQ) = dinong — nq, a:(f) = Fi(l —n?).
First, we find
. +1—n .
agl) + F(agl) - zaél)) =n+ ——2(ng —ing) = +1,
ny — ino

al? + R(a$? —ial?) = Fi[(1 — ng(1 + ng) + (1 £ ns)(1 £ ns)] = F2i(1 £ ns) ;

therefore the first equation in (90) take the form
k .
(-5 £1) FF2i(1£n3) G=0 (91)

Similarly, we get

. +1—n . np—1in
T’ + (@l +ia) = = ——Eng + (g + ing) ———= =
ny — Mo ny —1in2
1 1¥n3
——— [(F1 4 ng)ng + (1 — n3)(1 + ng)] o ing

—Ra:(f) + (a; @ 4 za(2)) +i(F1 —n3)(ny +ing) £i(ng +ing)(ng F1) =

therefore, the second equation in (90) takes the form

1Fns kK 1Fn
4:37+¢3

F e B —ing + G[-2i(ny +in2)] =0,
or
%(%;1)1?-%(711“@)6::0,
that is
(%;1)}«&21(11@6‘:0; (92)

note that eq. (92) coincides with the first one (91).
Thus, we have found coefficients of the needed linear combination of two type of states with helicity o = +1/2.
These coeflicient are fixed up to some total arbitrary multiplier which relate to normalization of solutions./

VI. THE PLANE WAVE SOLUTIONS

In this section we turn to the massless spin 3/2 particle. The system (20) may be written in matrix form (note
changing the notation, ¥U!(z) = ®!(z)):
) ) || ®°
) ) || @
0 —(v*8p +7%01) || @2
) 0] @

(V301 —~' 05

)
(VP01 =~4'93) (v’ +°05
) —(7%9 +7°92) (7' +~"0,
We will search solutions in the form of plane waves

<I>l(:r) = et AL koa® = koz¥ + k:jxj, ko = —e¢,
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where Al = (A%, A, A%, A3) stand for 4-columns, then eq. (93) takes the form

0 (vPks —7°k2)  (Vhi—'ks) (Y2 — k1) || A°
(Y?ks = 7°k2) 0 —(v’ko+7"%3) (7o +1k2) || AT . (04)
(k1 —v'k3)  (vPko +7%k3) 0 —(v'ko +7°k1) | | A®
(V'ha —7?k1) —(v?ko +7%%k2) (v ko + k1) 0] A°

ikx

It is readily seen that gradient-type solutions @l(o)(x) = 01" satisfy this equation identically

0 (v?ks —3ka)  (V¥k1 —'ks)  (Yrhe — %K) || K9
(v?ks = 7°k2) 0 —(v’ko +1%s) (ko +7°k2) || —krp 0 (95)
(k1 —~'ks) (ko +7ks) 0 —(v'ko +1%k1) || —kae
(V'ka —7%k1) —(vPko +1%%2)  (v'ko + 1 k1) 0] —ksp
It is convenient to present the system (94) as four equations:
(V’ks = Vo) AN + (7P k1 — 7 k) AZ + (v ke — 7°k1) A% =0,
(V?ko + 7 k3) A% — (v%ko + 1 ko) A® = (72ks — 3k2)A0 (96)

—(v*ko +7k3) A + (Y ko +7%k1) A% = (vPk1 — ’Y k3)
(Y?ko + 7 ka) A" = (v ko +7°k1) A% = (7' ko — 7%h1 ) A°
From the first equation, allowing for identity (y'ko — v2k1) (v ke — v2k1) = —k2 — k2, follows expression for A3:
(k] + k3)A® = (v'9%kaks + krkoy®y® + ksky + 7' k3) AT +
(v kaky + kiksy®yt o+ ksks +7°7%kT) A%, (97)
Similarly, from fourth equation, we get

— (K + k5)A” = ('’ koks + k1k27072 + kiko +7'7"k3) A +
+(v* 7 koky + k2kiy*y + kako + 7°7 k) A% (98)
For brevity, let us apply notations
ki=a, ko=b, ksi=c, ko=d, d*—a*>-b>—-c*=0.
Then, expressions for A3, A° read
(a® + b*) A3 = (bey'y? + aby?y® + ac + B*3 ) AL + (aby'y® 4 acy*yt + be + a?y342) A2, (99)
—(a® + b A° = (dby'y? + aby"y® + da + b*y*°) At + (day*y + abyPyt 4 db + a2’y %) A%

With the help of (99), one can exclude the variables A% A3 from -nd and 3-rd equations in (96). So we find two
equations with respect to A' and A?:

ab{d v'7*7* + ¢ 4°v'9* +ar’ g 27+ 070y 1A% =

=0 {d7'7*7 + 77197 + a0 + b0y Al (100)
ab{d v'7*y" + ¢ 7°v'9% +any 73 +by"yy Al =
= a’{d 7' + P92 + a0 + b0y A% (101)
With notation
K =dv'y*y" + ey +aq"y* " + 04091, (102)

egs. (100)—(101) may be re-written as
aK A? =bKA', bK A' =aKA? = K(aA?-bA") =0, K(bA' —aA?) =



In fact, here we have only one equation (further the notation k, = (d, a, b, ¢) is not applied)
K (k1 A% — by AY) =
where
K = kov' 77 + ki + kvt + ke Oy

taking into account the definition

100 0
PP =00 0 o | O =L =
00 0 -1
and identities
7" = =120 =12, iyt = 091yt = 0%,

P72 = =" 239 = 0% iR = 4091928 = 404142

we obtain different representation for matrix K:
K =7 (koy + k' + koy® + k)
Therefore, eq. (103) is written as ( the multiplier iy° is omitted):
(koy® + kit + ko® + kay®)A =0, A= (k1A% - kAY).

Equation (108) may be presented as (let A = (a,b,c,d)

0 0 k‘o — k‘3 —k‘1 + il{ig a
0 0 —ki—iko K'+ks ||b _0
k0+k3 kl—’ikz 0 0 c| 7
ki +iky k° — ks 0 0 d
whence follows two linear systems with respect to d,d and a,b (let ko = —¢, e > 0):

(€+]€3)C+ (kl —ikg)d:O, (kl +ik2)0+ (e—kg)d:O;
(671’63)0,7 (kl 7Zk2)b: 0, *(kl +Zk2)a+(€+k3)b:0
Their solutions are

€ — ks k1+Zk2 d:—6+k3 = _ ]ﬂl—‘rlkg

k‘l—Zk'Q 6+k‘3 k1 — iko 6—]413

b=

Temporary we will use the shortening form for solutions (109):
b=(e—ks)a, d=—(e+ks)c
in fact we male change the notations

€ — k3 e+ k3
—e—k
ki —iky Y b — ik

— e+ k3.

However, in the very end these changes (111) should have been remembered.
Therefore, general solution may be presented as

1

A= —kA' + kA2 =q (e _Ok?’) +c

0 —(e

17

(103)

(104)

(105)

(106)

(107)

(108)

(109)

(110)

(111)

(112)
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Because parameters a and c are independent, in (112) we have two linearly independent solutions. Let us fix solutions
A1) and Ay in the following way:

0 1
(), a=kie=—ks, Ag=—kedly+kiA = —ka| |4k [, (113)
—(e+ks) 0
1 0
(2), a=—hac=ki, Ap = koAl + kAL = k| € —Okg) R (114)
0 —(e+ks3)
or differently
0 1
O A= Y | 4= M (115)
—(e+ks) 0
1 0
@ Ay | | | 0 (116)
0 —(e+ks)
below we will take into account four identities
ko k1
kaaly + kAl = | BOTR) kAl ppag, = | MR (117)
—ki(e+ ks) —ka(e + k3)
k1 —ks
koAl + kA, = | R ;2"73) L koAl + kA% = _k“‘(;;_ Fs) (118)
+ko(e + k3) —Fki(e+ks3)

Concomitant components A}y, Af) and Afy, A% can ve calculated according to (97) and (98); let us write down

them em differently:

(K + k3)A® = k3(k1 A" + ko A%) — (k177 + kay®y' + ksy'7?) (—ka AT + K1 A%) (119)
— (k3 + k3)A° = ko (k1 A" 4 k2A%) + (707 k2 — 7" k1 — koy'7?) (ko AT + k1 A%), (120)
whence we get
ks ki—iks 0 0
| Ky +ike —k 0 0
(2 + K3 A® = (A 4 ko A%) | V12 T b bk |(CReAT A7),
0 0 k1 + iko —ks3
ko  ki—iks 0 0
| =k —iks  —k 0 0
—(k + k3)A° = ko(ki A" + ko A%) +i| T e 0’ bo o ik, | (R2AE ki A2) .
0 0  ki+iks —ko

Further we can obtain expressions for A(()l), A?1) and A?2)> A:()’Q):

(kl + ikg)_l[ikg + ikl(ﬁ — k3)} (k’l + ikz)_l[—iko — 1kq (6 — ]€3)]

3 (k1 — ik]g)_l[ikl — ik‘3<€ — ]{)3)} 0 (k‘l — ikg)_1[+ik1 + ik/’o(G — k/’g)]
(1) — N1 . 7A(1) = N . (121)

(k’l + Zk‘g) [/{33 + Zkg(e + kg)} (k‘1 + Zk‘Q) [—k‘o + Zk'z(e + k‘3)]

(k1 — iko) = [—iks — k3 (e + ks)] (k1 — ko)~ [+iks + ko(e + k3))]
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(kl + ’L‘kQ)il["‘kg — ’ikg(e — ]{)3)] (kl + ikg)il[—ko + ZkQ(E kg)]
s (kl — ikz)_l[—ik‘g + k‘3(6 - k3)] 40 (/Cl — ’ik‘g)_l[—lkg — ()(6 kg,)] (122)
@ (ke + k) "V iks — ik (e + ka)] || (b + ik) " =ik — ika (e + k)]
(]Cl — ’L'kg)ilH*’L'kl =+ ikg(e )] (kl — Zkg) [ Zkl — ’Lk’o(& + k’3)]
VII. RELATION TO INITIAL BASIS
Recall formulas relating two bases:
Uy = (0F — )W, Uy(z) =e* By, U(z)=e*"4;, 1=0,1,2,3. (123)
In component form they read
BO—AO—’yO(’yoAO—’ylAl "}/2A27"}/3A3),
Bl_Al—’}/l(’}/OAO—"/lAl 72A2—’Y3A3)7 194
B2 — A2 — ~2(~0A40 — A1 AL 4242 _ A3 43 (124)
7 (v gl gl 77 A%),
B3 _AS —’)/3(’)/0140 —’ylAl —’}/2142 —’}/3A3)
Let us find the blocks
(kil + Zk'g) 1[ ko + 2il€2(€ + kig) + kg] - (6 + k3)
k1 — ik 2iko + (ko + k3)(e + k3)] + 1
(WOAO —AlAY 4242 —73A3)(1) _ ( 1 712) '2ika + (ko 3)( 3)] ’ (125)
(kl + Zkg) ’L[*ko — 2k1(€ — kg) — kg] + 2(6 — k?g)
(kl — ikg)_li[2]€1 + (/CO — kg)(e — /Cg)] -
(/fl +Zk2) [ ko —2/€1(€+/€3) +k3] +’L(€+k3)
(kv — iko) ™ i[—2ky — (ko + k3)(e + k3)] + 4
(’)/OAO . ’ylAl . ,YZA%Q) . "}/3A3)(2) _ (]_26)

(/451 =+ ikg)_l[—ko =+ 2il€2(€ — /4}3) — ]{ig] — (6 — ks)
(kl — ikg)il[f?b‘kg — (]C() — kg)(e — kg)] -1

Now, (125) and (126) are to be taken into account in (124)/ The last may be split in two groups, after needed
calculations we get

(ky — iks) ~Yi[+2ky + (ko — ks)(c — k3)] —i ay

o | Gt ike) il = 2k (e~ k) — K] e — k) | | by
2 (k1 — iks)~Y[~2iksy — (Ko + ks)(e + k3)] e |
(k1 + k)~ [+ho — 2ika (e + k3) — ks] di |y,

(k1 — k)~ [~2iksy — (ko — ks3)(e — ks)] a

Bl _ (ky + iko) "t [—ko + 2ika(€ — k3) — ks3] _ by
@ (ky — ko) "Yi[+2k1 + (Ko + ks)(e + k3)] — i e |
(k1 + ko)~ Yi[+ko + 2k1 (€ + k3) — k3] —i(e + k3) dy |y

(k1 — ika) 7 [+2k1 + (ko — k3)(e — k3)] as

) (k1 + ike) " [+ko 4 2k1 (e — ks) + k] ba
W7 (ke —iko) =2k (ko +ks) e+ Eka)] +i | |ea|

(kl + ikQ)_l[‘i‘ik’O + 2]€2(€ + kg) - Zk‘3] + i(E + ]423) d2 (1)
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(kl — Z‘kg)il[—QkQ + ’L(ko — k3)(6 — kg)] +1 as
5 (kl + ik‘g)_l[—iko — 2k2(6 — kg) — 21{33] — i(E — kg) B b
@ (kjl — ik‘g)_l[—FQk‘l + (kﬁo + k‘3)(€ + kg)] Co ,
(kl + ikz)il[fko — 2kq (6 + kg) + k’3] d2 (2)
(kl + ikz)il[—ikl(e — kg) — Zkg] + i(e — kg) as
33 (kl — Z‘kg)il[—ikl — iko(ﬁ — kg)] +1 bg
O (]{31 + ikz)_l[—ikz(e + /€3) — kg] + (6 + k3) B c3 '
(ky — ko)~ [+ika + ko(e + k3)] + 1 d3 |y
(k‘l + ikjg)_l[+ikﬁ2(€ — kig) — ]{ig] - (6 — k3) as
B3 (kl — ik2)71[+ik2 + ko(e — kg)] +1 b3
@ (ky + ko) "V iko + ik (e + ks)] — i(e + ks) es|
(k‘l — ikQ)_l[—ikl - i/{?o(e + /{33)] +1 ds 2)
(kl + ikg)_l[‘i‘ilﬁ(e - k3) + Zk/’g] - i(E - k3) ag
B (k1 — iko) " —iky + iks(e — k3)] + i bo
™ (kl + ikQ)il[*ikQ(E + k’g) — kg] + (E + kg) Co ’
(kl — ikz)*l[_ika — k3(6 + kg)] -1 d() (1)
(kl + ikg)fl[—ikg(e — kg) + kB] + (6 - kg) ap
. (ky — ike) " [+iks — ks(e — k3)] + 1 bo
@ N (kg + iko) " [+iky (e + k3) — iks] —i(e + k3) | | co
(kl — Z‘kg)il[‘FZ‘kl + ikg(e + k?g)] —1 do )
(127)
These formulas (127) may be simplified, by taking in mind the following identities and notations
k.
ko = —¢, (e+k3)(e — kg) = (kl — Zkg)(kl —‘rikg), e=k, d-L = Ng, NN = 1.
€
In this way we derive
a’(ll) =0, agl) =1, ag’,l) == U Zns- ) agl) = 2 + Zn3~ ,
1+n3 np4+ins 14+n3 ng+ing (128)
CL(2) -1 a(2) -0 a(2) _ ni _ ns a(2) _ ni ns
1 T2 ’ 3 14+ns ng+ing ° 14+mn3 ni+ing’
1 (1) _ n1t+ing a1 nans + iny 1 ng + in1ng
by’ =0, by'=—"-, by’ = - , by’ = - ,
1+mn3 (n1 —ing)(1+ n3) (n1 —ing)(1 + n3) (129)
p@ _ Mt ing b2 o @ _ ning — ing @ _ ni — inang
1 1—|—’ﬂ3 ’ 2 ’ 3 (n1 —ZTL2)(1—|—H3) ’ 0 (ﬂl —an)(1+n3) ’
cgl) —1, Cél) —0, Cél) _om n3. ’ 081) _om ns_ 7
1—n3 ny+ing 1—-n3 ni+ing (130)
052) =0, céZ) =1, c§2) ="z ! e = 12 s

].7713 n1+in2’ 0 17713 n1+m2’
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g _m+t ing GO d(1) —ning — iNg (1) _ _ —ni—ingng
1 1-— ns ’ 2 ’ (]. — ng)(’ﬂl — an) ’ 0 (]. — ng)(nl — an) ’ (131)
4P o g __Mm + ing (2) _ _ —Memz Fim (2) _ _ —n2timng
1 ’ 2 ].7713 ’ 3 (1777,3)(711 72‘712)7 0 (17713)(77,1 72712)
VIII. HELICITY OPERATOR
In [...], eigenvectors of helicity operator for spin 3/2 particles we constructed (the case of a massive particle was
studied). Let us recall the used notations and results.
Vector-bispinor wave function ¥;(x) is written as a matrix (A is a bispinor index, (1) is vector one)
‘1’1(0)( ) ‘1’1(1 (z) ‘1’1(2)( ) ‘1’1(3)( ) ap ai a2 as
Yooy (®) Way(w) Worg)(z) Vo () ke | bo D1 b2 b3 ik
v x) = = e = e"{Ap, A1, Ag, A3} . 132
A= w0y () War) (@) ooy (r) Voo () oo ey ey | O AoAuAndst (132)
Uyo)(z) Yyy(z) Py 2)( x) Wys)() do dy do ds3
There are possible 4 eigenvalues o for helicity operator (the values & are doubly degenerate)
1 1 1 1 3 3
=——k,—-k, —k,+-k, —2k, —k k=\/k?+k3+k3; 133
a"h M Ty 2™ T3 PR (133)
dimensionless quantities are more convenient:
k; o 11 1 1 3 3
- — Ny, ii:]-v - = ) b T p e e e e L 134
gt A S B S S M (134)
For each value from o = £1/2 thee exist two eigenstates (they are marked by (I) and (II)):
1 n1 N2 n3
:I:l—n;; nl :tl—ng nQ:tl—ng n3:t1—n3
\Ijé = n11n2 ) \II{ = T;’Lll_RZ ’ \Ijg = %) e ’ \Ilg = Tlgnl_nz ’ (135)
per Ce " s Chen
1 (:l:?:ﬂlng + TLQ)
oIl — 7:7511:323 oIl — (xining + ng)Lnll_:j
1 ’ 1 (+inins + n9) ’
Xy Ti=ns (Hining + ng) H=2
(136)
(iingng — nll) [$Z(1 - n%)] 1
gir _ | (rineng —n) TRy (L - ed)] S0
2 (£inang —ny) ’ 3 [Fi(1 — n3)] ’
(£ingng — nl)% [Fi(1 - "%)}%
Eigenstates for helicities ¢ = +3/2 are given by the formulas
0 (—n1n3 + ing) .
gt _ |0 gIi1 _ | (Fmans Eing) =0
0 0’ 1 (—ning +insg) ’
0 (—nang £ ing) EI=12,
(137)
(—nans iml)il (1- n%)jEl
gl _ (—nang Fin1) 5= gl (1—n3)s=e
27| (—nang Fing) R R ) ’
(—nang F ing ) T2, (1 —n3)F=pe,
We are to relate helicity states (135)—(137) with solutions for massless particle:
ag ai az as
b b b b
o _|b0 1 _ |0 2 _ | b2 3 _ | b3
B(l) - Co ’B(l) B c1 ’B(l) - Co ’B(l) - c3 ) (138)
do ly) dil d2 \y), s l)
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ag ay a2 as
b b b b

0o _ 0 1 1 2 2 3

Boy=|¢| Bo=|o| Bo=|g| Bo=|g (139)
do |y) ) d2 1), ds 1)

For helicities o = £3/2, the quantities aq, by, ¢, dy equal to zero, however the quantities ag, by, ¢, dy in massless
solutions do not, therefore they cannot be constructed only in terms of helicity solutions with o = +3/2.

Besides, it should be emphasized that in describing helicity eigenstates the structure {ag, a1, a2, as} is the main
one, and it determines all remaining quantities by means of linear relations. By this reason, it suffices to connect the
quantities {ao, a1, az,as}(1,2) in (139) with relevant variables in (135)-(137).

Let us write down two sets of parameters for helicity states

— I+ _ I+ _ I+ _
=1, =Ny, ay =TnN2, asg =ns,
- I— I- I—
=1, a;” =ni, ay =ng, a3z =ng,
ol II IT . IT 2
ay't=1, a't =ining +na, @it =ingnz —n1, a3’ = —i(1 —nj), 140
- _ 4 - _ . - _ . - _ . 2 (140)
ay =1, a)'” = —ining +n2, ay = —ingnz—ny, a3 = +i(l —n3),
G+ — G+ — . o1+ — . I+ — 2
ay =0, a = —ning +ing, a = —ngng — Ny, a3 = (1 —n3),
III— III— . IIr— . III— 2
ag’” =0, a;''T =-nng—ing, ay = —ngng+iny, a3 = (1—n3),
and for massless solutions
1 N9 ng 1 1 1 N9 ing
(1)? ag) + . ) 5)207 aé):17 :(3):_ - . )
14+n3 np+ins 1+n3 np+ins (141)
(2) o?® — ni n3 dP =1 Py ___™m ™
’ 0 1+n3 n1+in2’ 1 ’ 2 ’ 3 1+7L3 n1+in2
Instead of variables in (141), it is more convenient to use their linear combinations:
1 - 2 . (1
al ( )+za( ), a, = al( ) zal( ), (142)
they seem to be simpler
ny +1in ny +in
+ ' 2 + + . + 1 2
ag = ——, af =1, ay =+i, a3 =——,
_ 1+ ns _ _ . _ 1+ ns
ay = ————, a; =1, ay =—i, a3 =———.
ny + 1o n1 + 1n9

We search for linear expansions of massless solutions (143) ny helicity states (the index [ takes on the values 0, 1, 2, 3)

G?_—Oéal++04 +ﬂal1++ﬁ’ H—+7al11++7/ 111_’

(144)
a; —aal++a +ﬁal11++ﬂl Ilf_i_,yalIIJr _,’_,7/ 11177

in both formulas two first terms define only one parameter, (a + o). Each equation provides us with four linear
relations:

a;'—solution,

ny +in
f=—=——=(a+a)+(B+B)+7-0+7 0,

ao ]. + ns
ning +ing) + ' (—nins — ing),

= (a+
af = (a+ a')ny + Blining + n2) + B'(—ining + n2) + y(— (145)
ay =i=(a+a)ng + B(inanz — n1) + B'(—inang — n1) + y(—nans — in1) +v'(—nang + ing),
af = =52 _ (o4 0fyng + B(—i)(1 - nB) + Bi(1 — n2) + (1 —nd) + /(1 nd);

1+ns3
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a; -solution,

_ 1+n3

_ _ ’ ’ .0 .0
W = i, (a+a)+(B+8)+~v-0+9"-0/
ay =1=(a+a)ny + B(inins + na2) + B (—ininz + na) + y(—ning + ina) + ' (—ninz — ina), (146)
ay = —i=(a+a')ngy + B(inans — n1) + B’ (—inang — n1) + y(—nans — iny) + v (—n2ns + iny),
_ 1+n . .
a3 = ————> = (a+a')ng + B(=i)(1 = n3) + Fi(1 —n3) +7(1 —n3) + /(1 - n3).
ny + 19
Whence after regrouping the terms we obtain (let « + o' = o)
a;r-solution,
+ _ nipting _ ,
% = 1+ ng U+(ﬁ+ﬁ)’
af =1=ony+ (B+ 8 )n2 +i(B— B)ning — (v + " )ning + i(y — 7")ne (147)
ay =i=ony— (B+p)n1+i(B — B')nans — (v + 7" )nans — i(y —7')na,
ni +1in .
af = =" g = (5 - F)(1 = ) + (74 7)(1 - nd)
+ ng
a; -solution,
- 1+ ng . ’
aiy =1l=on1+ (B+ B )ne +i(8— B )ning — (v + 7 )nins +i(y — ' )n2 (148)

ay = —i=ony — (B+ )1 +i(8 — B)n2nz — (v + 7 )n2nz —i(y — ' )n1,
_ 1+mn3 . ’ 2 ’ 2
=——" 3 —ony—i(B-B)(1— 1—n2).
ag neting 08 i(B—B)1—n3)+ (v+9)(1 —n3)
With new notations
g = X, ﬁ+ﬁ/:x17 Z(ﬁ_ﬁl> = T2, 7+’y/:x3a 'L(’Y_’}/) = T4, (149)
the above systems read (it should be notified that coordinates xzy,x3 enter these system only as the combination
Yy = T3 — x3):

a;'—solution,

1 1 0 0 Zo %ﬁgz ag

ny  Ng ning ng 1| _ _ ay . (150)
ng —ng nons3 —nq Y +1 al |’

ns 0 —(1 - TL%) 0 Ty —%;7;2 a;

a; -solution,

11 0 0 || o moing ag

ny N ning n2 || %1 _ L _ o (151)
Nng —MNq nans —nNn1 Yy —1 Ay

ng 0 —(1-nd) 0 |[|ay -y as

We have two similar systems with the same main determinant, n? + n?, they may be readily solved — see below.
From egs. (150) and (151) it follows that coefficients in expansion of any massless solution by helicity ones

al:xoalf—f—,é’al[”—i—ﬁ’alnf—&—valHH—&—v’alH[* (152)

may be presented as linear combinations of four variables zg;x1,y, z4; three last of them, xg,x1,y, x4, determine
constraints on 8, 8',v,7 (see (149)):

6+Bl:$17 ,8+B/:$1,
iB=B)-(v+)=y, = B-p=—-iy—i(y+7),
i(y =) =4, (y+7) = x4+ 217,
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which is equivalent to

1 . . 1 . . .
ﬂzi(xlfzyfu)fw’, B:§(I1+zy+z4)+w', v=—izg+7 . (153)

Taking into account (153) in expansion (152), we may decompose this expansion into the sum of two terms, (the
seconde one is proportional to an arbitrary parameter +'):

2 2

—in/ {alIIJr _ ale n Z-alIIIJr + w/alluf} . (154)

1 ) 1 . _ .
a; = {xoal] + —(z1— 1y —x4)alH+f(x1 —|—zy+x4)al” - zua{lH} -

Applying explicit form of helicity solutions, we prove that this additional term vanish identically.
Therefore, the final result reduces to expansion

1 ) 1 . -
a; = {xoall + i(zl — iy — z4)a{1+§(x1 +iy +ag)al T — za:4alHI+} . (155)

In order to find explicit expression (155) in the case of special massless states, alJr and a; , we need solutions of
linear system (150) and (151):

a;r—solution,

1-— 1 )
Ty = n3 ) T = 0) y = ) Ty = — : . . (156)
ny — 1o ny — N9 ny — 19
a; -solution,
1—-2n 2n,
I0:(1+n3)7.3, x1:(1+n3)73,,
ny + 1no ny + 1o (157)
= — Ty = ——— — ng)——.
Y miting T i timg > ny +ing

Thus, we have found two massless solutions for spin 3/2 field, and found expansions of them in linear combinations
terms of eigenstates with helicities o = £1/2, £3/2.

IX. CONCLUSION

In the paper, solutions in the form of plane waves for a massive spin 3/2 particle are examined. The wave equation
gives 4 algebraic equations for 8 unknown variables, which assumes existence of 4 independent solutions. In order
to relate the choice of independent solutions to quantum number of a physical operator, we study the problem of
eigenvectors for relevant helicity operator. As expected, we get 4 eigenvalues, o = +1/2,+3/2. The values o = +1/2
turn out to have double multiplicity, this leads to existence of two different eigenstates both for ¢ = —1/2 and
o = +1/2. Tt is shown that the states with the values represent exact solutions of the wave equation. However, the
double degenerate states separately do not. It is shown that exact solutions of the wave equation can be constructed
in the form of special linear combinations of those. Thus, there constructed a complete system of exact solution for
a massive spin 3/2 particle in momentum-helicity basis.

Initial wave equation for vector bispinor ¥, (), describing a massless spin 3/2 particle in Rarita-Sscwinger form, is
transformed to a new basis ‘i/a(x), in which the gauge symmetry in the theory becomes evident: there exist solutions
in the form of 4-gradient of an arbitrary bispinor W0 (z) = 9,¥(z). For 16-component equation in this new basis,
two independent solution are constructed explicitly, which do not contain gauge constituents. Previously, in the basis
U, (x), the eigenvalue problem for helicity operator of the spin 3/2 particle was solved, and six types of eigenstates
were found; there are possible eigenvalues o = £1/2, £3/2; the states with 0 = +1/2 are doubly degenerate. Massless
solutions are transformed to initial Rarita-Schwinger basis, after that they are decomposed into linear combinations
of helicity states, the relevant formulas contain terms related to helicities 0 = +1/2 and o = £3/2.

1. W. Pauli, M. Fierz. Uber relativistische Feldleichungen von Teilchen mit beliebigem Spin im elektromagnetishen
Feld. Helv. Phys. Acta. - 1939. - Bd. 12. - S. 297-300; M. Fierz, W. Pauli. On relativistic wave equations for
particles of arbitrary spin in an electromagnetic field. Proc. Roy. Soc. London. A. - 1939. - Vol. 173. - P. 211-232.



25

2. W. Rarita, J. Schwinger. On a theory of particles with half-integral spin. Phys. Rev. - 1941. - Vol. 60, no 1. -
P. 61-64.

3. V.L. Ginzburg. To the theory of particle with spin 3/2. JETP. - 1942. - Vol. 12. - P. 425-442.

4. A.S. Davydov. Wave equation for particle with spin 3/2 in absence of external fields.JETP. - 1943. - Vol. 13,
no 9-10. - P. 313-319.

5. K. Johnson. E.C.G. Sudarshan. Inconsistency of the local field theory of charged spin 3/2 particles. Ann. Phys.
N.Y. - 1961. - Vol. 13, no 1. - P. 121-145.

6. C.M. Bender, B.M. McCoy. Peculiarities of a free massless spin-3/2 field theory. Phys. Rev. - 1966. - Vol. 148,
no 4. - P. 1375-1380.

7. C.R. Hagen, L.P.S. Singh. Search for consistent interactions of the Rarita-Schwinger field. Phys. Rev. D. -
1982. - Vol. 26, no 2. - P. 393-398.

8. Baisya, H.L. On the Rarita-Schwinger equation for the vector-bispinor field / H.L. Baisya // Nucl. Phys. B. -
1971. - Vol. 29, no 1. - P. 104-124.

9. R.K. Loide. Equations for a vector-bispinor. J. Phys. A. - 1984. - Vol. 17, no 12. - P. 2535-2550.

10. A.Z. Capri, R.L. Kobes. Further problems in spin-3/2 field theories. Phys. Rev. D. - 1980. - Vol. 22. - P.
1967-1978.

11. T. Darkhosh. Is there a solution to the Rarita-Schwinger wave equation in the presence of an external
electromagnetic field? Phys. Rev. D. - 1985. - Vol. 32, no 12. - P. 3251-3255.

12. W. Cox. On the Lagrangian and Hamiltonian constraint algorithms for the Rarita-Schwinger field coupled to
an external electromagnetic field. Phys. A. - 1989. - Vol. 22, no 10. - P. 1599-1608.

13. S. Deser, A. Waldron, V. Pascalutsa. Massive spin-3/2 electrodynamics. Phys. Rev. D. - 2000. - Vol. 62. -
Paper 105031.

14. M. Napsuciale, M. Kirchbach, S. Rodriguez Spin-3/2 Beyond Rarita-Schwinger Framework. Eur. Phys. J. A. -
2006. - Vol. 29. - P. 289-306.



