Review on the behaviour of a many predator - one prey system
In this presentation we make a review of the behaviour of a known system of
many predators and one prey. We mainly consider the case with two predators.
We consider the question below and give results and formulate open problems.
• Extinction conditions for one predator
• Different types of coexistence
• Usual period-doubling leading to chaos, when a model map works
• More complicated chaos, spiral chaos etc
• Attractor appearing from a contour
• Existence of many attractors
• Bifurcations of attractors
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General form of the system
We consider a general system of n competing predators feeding on the same
prey introduced by Hsu and Waltman.
Xi0 = pi ϕi (S) Xi − di Xi ,
S 0 = H(S) −

n
X

i = 1, ..., n,

qi ϕi (S) Xi ,

(1a)
(1b)

i=1

where
• the non-negative variable S represents the prey populations
• the non-negative variables Xi represent the predator populations
• ϕi is non-decreasing
• parameters pi , qi , di are positive
In the main case we consider the functions H and ϕi are defined by


S
S
, ϕi (S) =
,
H(S) = r S 1 −
K
S + Ai

(2)

In the Lotka-Volterra system, the functions are defined by
H(S) = r S, ϕi (S) = S,

2

(3)

Famous two dimensional versions
We consider two very known and fundamental systems for only one predator. The results obtained for these are basic and can be used for producing
generalized results in the case of more predators.
The Lotka-Volterra system
s0 = as − bxs, x0 = −cx + dxs,

(4)

V (s, x) = ds − c ln s + bx − a ln x

(5)

has the integral

giving closed curves around the equilibrium
c a
d, b

The Rosenzweig-McArthur system


S
qXS
S0 = r S 1 −
,
−
K
S+A
X 0 = −d X +

pX S
.
S+A

(6a)

(6b)

has three possible types of behaviour
1. The predator cannot survive and goes extinct.
2. The system has a stable equilibrium as global attractor where the species
coexist.
3. The system has a stable unique cycle as global attractor and the predator
and the prey coexist on a limit cycle.
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Graphical representation of Lotka-Volterra solutions
In figure 1 we present the known solutions of the Lotka-Volterra two dimensional system, some cycles of the phase portrait, and a small cycle and a
big cycle development in time. We remark that biologists mostly consider the
development in time and here we see the behaviour of the populations almost
disappearing for long times and great for short times.

Figure 1: Above phase portrait representation, below development in time in
two different cases.
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Graphical representation of Rosenzweig-McArthur solutions
In figure 2 we present the known solutions of the Rosenzweig-McArthur
system.

Figure 2: Above to the left limit cycle case and to the right global attractor giving coexistence at an equilibrium. Below case, where the predator goes extinct.
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Transform of the main system.
Assume pi > di , using a time change and a variable changes we can transform
equations (1) with functions (2) to the system

x0i = mi

0

s =

s − λi
xi ,
s + ai

1−s−

n
X
i=1

xi
s + ai

(7a)
!
s,

(7b)

Here the new variables are normalized populations xi and s and the parameters are positive.
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Local behaviour in case two predators.
We shortly decribe the main local behaviour of the three dimensional system.
We suppose λ1 > λ2 (otherwise we can change the order of the predators).
The system always has two equilibria:
(0,0,0), which always is a saddle with two dimensional stable manifold in the
plane s = 0,
(0,0,1), which is a saddle with one dimensional stable manifold on axis x1 =
x2 = 0 if λ1 , λ2 < 1 (in other cases at least one predator goes extinct and the
system reduces to smaller dimension).
When λ1 , λ2 < 1 there are two more equilibria:
P1 = ((1 − λ1 )(1 + a1 )), 0, λ1 )
1
and
which is a saddle with one dimensional unstable manifold for λ1 > 1−a
2
1−a1
1−a1
a source if λ1 < 2 . In the case λ1 > 2 , P1 is global attractor in the plane
x2 = 0.
P2 = (0, (1 − λ2 )(1 + a2 )), λ2 )
2
which is a saddle with one dimensional stable manifold for λ2 < 1−a
and
2
1−a2
1−a2
a sink if λ2 > 2 . In the case λ2 > 2 , P2 is global attractor in the plane
x1 = 0.
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Behaviour near coordinate planes.
In figure 3 we show the typical behaviour near the coordinate planes when
there is a limit cycle in one coordinate plane and in the other a globally attracting equilibrium.

Figure 3: The equilibrium in the x1 s-plane is globally attracting in the plane,
in three dimension it is a saddle with one dimensional unstable manifold. In the
x2 s-plane there is a limit cycle, the equilibrium is a saddle with one dimensional
stable manifold
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Behaviour near coordinate planes.
In figure 4 we see the same situation again. Also observe the saddles (0,0,0)
and (0,0,1).

Figure 4: The equilibrium in the x1 s-plane is globally attracting in the plane,
in three dimension it is a saddle with one dimensional unstable manifold. In the
x2 s-plane there is a limit cycle, the equilibrium is a saddle with one dimensional
stable manifold. Equilibrium (0,0,0) is a saddle with one dimensional unstable
manifold and equilibrium (0,0,1) is a saddle with one dimensional stable manifold
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Behaviour near coordinate planes.
In figure 5 we show the typical behaviour near the coordinate planes when
there are limit cycles in both coordinate planes.

Figure 5: The equilibrium in the x1 s-plane is a source and there is a limit cycle
in the plane. In the x2 s-plane there is a limit cycle, the equilibrium is a saddle
with one dimensional stable manifold
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Behaviour near coordinate planes.
In figure 6 we see the same situation again. Also observe the saddles (0,0,0)
and (0,0,1).

Figure 6: The equilibrium in the x1 s-plane is a source and there is a limit
cycle in the plane. In the x2 s-plane there is a limit cycle, the equilibrium is
a saddle with one dimensional stable manifold. Equilibrium (0,0,0) is a saddle
with one dimensional unstable manifold and equilibrium (0,0,1) is a saddle with
one dimensional stable manifold
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Connections between equilibria and limit cycles.
In figure 7 we see the two situations above again. But here we concentrate
on connections between equilibria and limit cycles. There is always a saddle
connection between (0,0,0) and (1,1,1). The question marks mean that there is
no connection from a set in the coordinate planes, either comes from infinity or
goes to an attractor in the space.

Figure 7: In the picture above: The equilibrium in the x1 s-plane is a source
and there is a limit cycle in the plane. In the x2 s-plane there is a limit cycle,
the equilibrium is a saddle with one dimensional stable manifold. In the picture
below: The equilibrium in the x1 s-plane is a source and there is a limit cycle
in the plane. In the x2 s-plane there is a limit cycle, the equilibrium is a saddle
with one dimensional stable manifold. Equilibrium (0,0,0) is a saddle with
one dimensional unstable manifold and equilibrium (0,0,1) is a saddle with one
dimensional stable manifold. The cycle in the x1 s-plane is denoted by C1 and
the cycle in the x2 s-plane is denoted by C2 .
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Extinction conditions, two predators.
Suppose in the case of two predators a1 > a2 . Then predator x2 goes extinct
1 (a2 +1)λ2
. If λ1 < λ2 then predator x1 always goes extinct.
if λ1 > λ2 (a1a−a
2 )+a2 +a1 a2
In figure 8 we have coloured the λ1 λ2 -parameter space by different colours
depending of numerically observed behaviour of the system in the case a1 =
0.3, a2 = 0.02, m1 = m2 = 1.
For more results on extinction we refer to:
A V Osipov, G Söderbacka. Extinction and coexis- tence of predators. Dinamicheskie sistemy, 6, 1, (2016), 5564. http://dynsys.cfuv.ru/

Figure 8: a1 = 0.3, a2 = 0.02, m1 = m2 = 1. The red regions are the observed
extinction of the predator x1 , the green regions are the observed extinction of
the predator x2 . The cyan regions are for simple cyclic attractor, the magenta
for 2-cyclic attractor, the yellow-orange for 3-cyclic attractor and the dark blue
for attractor of higher cyclicity or chaotic attractor. Horizontal axis represents
λ1 and vertical axis represents λ2 .
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Example of coexistence of two predators.
In figure 9 we present a cyclic coexistence of the predators in the case a1 =
λ1 = 0.2, a2 = 0.036, λ2 = 0.072, m1 = m2 = 1.

Figure 9: Cyclic coexistence in the case a1 = λ1 = 0.2, a2 = 0.036, λ2 =
0.072, m1 = m2 = 1. Green cycles are the unstable limit cycles in the coordinate
planes and the blue cycle is the coexistence cyclic attractor
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Example of coexistence of two predators.
In figure 10 we present a two periodic coexistence of the predators in the
case a1 = λ1 = 0.2, a2 = 0.03, λ2 = 0.06, m1 = m2 = 1.

Figure 10: Two periodic coexistence in the case a1 = λ1 = 0.2, a2 = 0.03, λ2 =
0.06, m1 = m2 = 1. Green cycles are the unstable limit cycles in the coordinate
planes and the blue cycle is the coexistence two periodic attractor
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Example of coexistence of two predators.
In figure 11 we present a chaotic coexistence of the predators in the case
a1 = λ1 = 0.2, a2 = 0.018, λ2 = 0.036, m1 = m2 = 1.

Figure 11: Chaotic coexistence in the case a1 = λ1 = 0.2, a2 = 0.018, λ2 =
0.036, m1 = m2 = 1. Green cycles are the unstable limit cycles in the coordinate
planes and the blue cycle is the coexistence two periodic attractor
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General extinction result.
This is general result for any number of predators.
Suppose λi > λj .
λ (1−λ )
i
, L = λij (1−λji ) the predator i goes extinct.
If aj > L+a1a(L−1)
It is known that the probabality of coexistence decreases when number of
predators increase. This inequality indicates the same.
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Numerical results for the behaviour of the system.
We present numerical results for observed behaviour of the system with two
predators in the case λ1 = 0.3, λ2 = 0.2, m1 = m2 = 0.2. We observe that in
some cases more than one attractor is observed.

Figure 12: The case λ1 = 0.3, λ2 = 0.2, m1 = m2 = 0.2. White - to the
left: extinction of predator x1 . White to the right: 1-periodic cyclic. Green:
extinction of predator x2 . Magenta: 2- periodic cyclic. Blue: higher period or
chaotic. Yellow: 3-periodic cyclic. Light yellow: 2- and 3-periodic. Red: 2periodic and chaos or higher period. Light red: 1-periodic and chaos or higher
period. Black: three different types discovered.
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Numerical results for the behaviour of the system.
We present numerical results for observed behaviour of the system with two
predators in the case λ1 = 0.3, λ2 = 0.2, m1 = m2 = 0.5 in a figure. We observe
that in some cases more than one attractor is observed.

Figure 13: The case λ1 = 0.3, λ2 = 0.2, m1 = m2 = 0.5. White - to the
left: extinction of predator x1 . White to the right: 1-periodic cyclic. Green:
extinction of predator x2 . Magenta: 2-periodic cyclic. Blue: higher period or
chaotic. Yellow: 3-periodic cyclic. Light yellow: chaos and 3-periodic or 2periodic and 3-periodic. Red: 2-periodic and chaos or higher period. Light red:
1-periodic and chaos or higher period. Black: Three different types possible.
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Numerical results for the behaviour of the system.
We present numerical results for observed behaviour of the system with two
predators in the case λ1 = 0.5, λ2 = 0.2, m1 = m2 = 1 in a figure. We observe
that in some cases more than one attractor is observed.

Figure 14: The case λ1 = 0.5, λ2 = 0.2, m1 = m2 = 1. White - to the left:
extinction of predator x1 . White to the right: 1-periodic cyclic. Magenta: 2periodic cyclic. Blue: higher period or chaotic. Yellow: 3-periodic cyclic. Red:
2-periodic and chaos or higher period. We observe here, like in other of these
kinds of pictures that on the boundary between different behaviours there are
numerical errors giving different behaviour or uncertainty.
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Numerical results for the behaviour of the system.
We present numerical results for observed behaviour of the system with two
predators in the case λ1 = 0.35, λ2 = 0.2, m1 = m2 = 1 in a figure. We observe
that in some cases more than one attractor is observed.

Figure 15: The case λ1 = 0.35, λ2 = 0.2, m1 = m2 = 1. White - to the left:
extinction of predator x1 . White to the right above the bifurcation curve:
1-periodic cyclic. White to the right below the bifurcation curve: 2-periodic
cyclic. Blue: higher period or chaotic. Yellow: 3-periodic cyclic. Light yellow:
3-periodic with either 2-periodic or higher-periodic or chaos. Red: 2-periodic
and chaos or higher period. Light red: 1-periodic and chaos or higher period.
Black: Three different types possible.
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Numerical results for the behaviour of the system.
We present numerical results for observed behaviour of the system with two
predators in the case λ1 = 0.35, λ2 = 0.2, m1 = m2 = 5 in a figure. We observe
that in some cases more than one attractor is observed.

Figure 16: The case λ1 = 0.35, λ2 = 0.2, m1 = m2 = 5. White - to the left:
extinction of predator x1 . White to the right: 1-periodic cyclic. Magenta: 2periodic cyclic. Blue: higher period or chaotic. Yellow: 3-periodic cyclic. Light
yellow: chaos and 3-periodic or 2-periodic and 3-periodic. Red: 2-periodic and
chaos or higher period. Light red: 1-periodic and chaos or higher period. Black:
Three different types possible.
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One dimensional model of the behaviour.
In some cases there is possible to use a one dimensional model map for the
Poincaré map on a subset of s = const asv a good approximation.
+k2 e
u, where v = ln(y/x).
It has the form f (v) = b + v − k11+e
v
The graphs of such a function we see in the figure.

Figure 17: Graph of the model map in the case b = 10, k1 = 1, k2 = 10, u = 1.
The bifurcation diagram shows the standard period doubling sequence in
this case.
Open problem: Is it really so. Prove properties for the general behaviour of
the map.
Conditions for such models can be found in
A V Osipov, G Söderbacka. Poincaré map construction for some classical
two predators - one prey systems. Internat J of Bifurcation and Chaos, N 8,
2017.
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When the model is not working.
In the figure we see an example when the one dimensional map is not working.
We conjecture spiral chaos.

Figure 18: Attractor in the case a1 = 0.5, λ1 = 0.33, a2 = 0.015, λ2 =
0.15, m1 = 1, m2 = 1.
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When the model is not working.
We conjecture that the inner solution develops from a contour near to the
attractor seen in the figure.
The contour consists of four parts.
1. The unstable separatrix of the equilibrium at ((1 − λ1 )(λ1 + a1 ), 0, λ1 )
until it hits s = 0 at P ∗ = (x∗1 , x∗2 , 0) in the case a2 = λ2 = 0.
2. The curve along x2 = Cxγ1 , where γ =
P ∗ to (0, 0, 0).

m2 λ2 a1
m1 λ1 a2

and C = x∗2 (x∗1 )−γ from

3. The line segment x1 = x2 = 0, 0 < s < 1.
4. The unstable separatrix of the equilibrium (0, 0, 1) in the plane x2 = 0
reaching the equilibrium, where part 1 starts.

Figure 19: Attractor in the case a1 = 0.5, λ1 = 0.33, a2 = 0.002, λ2 =
0.02, m1 = 1, m2 = 1.
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One more spiral attractor?

Figure 20: Attractor in the case a1 = 0.2, λ1 = 0.5, a2 = 0.01, λ2 = 0.2, m1 =
1, m2 = 1.
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Intersection of the attractor with Poincaré section.

Figure 21: Intersection of the attractor with s0 = 0 (where s0 is decreasing)
in the case a1 = 0.2, λ1 = 0.5, a2 = 0.01, λ2 = 0.2, m1 = 1, m2 = 1. Yellow
lines correspond
 to
 s = ln(λ2 ) and s = ln(λ1 ). Vertical axis represent ln(s) and
horizontal ln

x2
x1

.
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Bifurcation diagram.
We present a bifurcation diagram showing the existence of more than one
attractor.

Figure 22: Bifuration diagram on s = λ2 in the case a2 = 0.02, λ1 = 0.2, λ3 =
0.35, m1 = 1, m2 = 1 and a1 goes from 0.1 to 2. Initial point (0.5,0.5,0.5).
Open problem: Describe the bifurcations leading to many attractors. How
many can they be?
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Three attractors.
We give an example with three attractors.

Figure 23: Three attractors in the case a1 = 0.855, λ1 = 0.3, a2 = 0.0154, λ2 =
0.2, m1 = m2 = 0.5. One-, three- and 15-periodic.
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Three attractors.
We give an example with three attractors.

Figure 24: Three attractors in the case a1 = 1.5, λ1 = 0.3, a2 = 0.01, λ2 =
0.2, m1 = m2 = 1. One-, three- and four-periodic.
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Basin of attraction.
We look at the basins of attractors in the previous example.

Figure 25: Basin of attractions of the attractors in the case a1 = 1.5, λ1 =
0.3, a2 = 0.01, λ2 = 0.2, m1 = m2 = 1. Green for the one-periodic, blue for the
3-periodic, red for the 4-periodic.
Open problem: Find a model map in this case.
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Bifurcation diagram.
We look at the bifurcation diagram of the attractors in the previous example.

Figure 26: Bifurcation diagram in a2 (horizontal axis) for the intersection of the
attractors in the case a1 = 1.5, λ1 = 0.3, λ2 = 0.2, m1 = m2 = 1 on a part of
surface s0 = 0. Green for the one-periodic, blue for the 3-periodic, red for the
4-periodic. Vertical axis represents ln(s).
Open problem: Investigate these bifurcations.
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